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Abstract 

 An even sum cordial labeling of a graph G with vertex set V is a bijection  𝑓 from 𝑉 to {1,2,3, … , |𝑉|} 
such that if an edge 𝑢𝑣 is assigned the label 1 if 𝑓(𝑢) + 𝑓(𝑣) is even and the label 0 otherwise, then the number 
of edges labeled with 0 and the number of edges labeled with 1 differ by at most 1. If a graph has an even sum 
cordial labeling, it is called an even sum cordial graph. This paper proves that duplication of a vertex of path 
graph, cycle graph, complete bipartite graph, sub-division graph, bistar graph, shadow graph, square graph, 
Triangular book graph, wheel graph, crown graph, comb graph, and shell graph are even sum cordial. 
1.iIntroduction 

Byi ai graphi Gi =i (V,i E),i wei meani ai finite,i undirectedi graphi withi neitheri loopsi nori multiplei 
edges.iFori graphi theoretici terminologyi wei referi toi Hararyi [6],i thei origini ofi graphi labelingi cani bei 
attributedi toi Rosai [8]i andi wei referi toi Galliani [5].i Ini Cahiti [2,3]i introducedi thei concepti ofi cordiali 
labelingi ofi graph.i S.Abhiramii eti al.,i [4]i wasi introducedi Eveni Sumi cordiali graph.i Thei briefi summariesi 
ofi definitioni whichi arei necessaryi fori thei presenti investigationi arei providedi below.i Ini thisi paper,i wei 
provei thati duplicationi ofi ai vertexi ofi pathi graph,i cyclei graph,i completei bipartititei graph,i subi divisioni 
graph,i bistari graphi ,shadowi graph,i squarei graph,i Triangulari booki graph,i wheeli graph,i crowni graph,i 
combi graphi andi shelli graphi arei i eveni sumi cordiali . 
 
2.i Definitions 
Definitioni 2.1i [4] 
 Let 𝑖𝐺 𝑖 =  𝑖(𝑉, 𝐸)i bei ai simplei graphi and 𝑖𝑓: 𝑖𝑉 → {1,2,3 … . |𝑉|}i bei ai bijection.i Fori eachi edgei 
uv,i assigni thei labeli 1i ifi 𝑓 𝑖(𝑢) 𝑖 +  𝑖𝑓(𝑣)i isi eveni andi thei labeli 0i otherwise, 𝑖𝑓i isi calledi ani eveni sumi 

cordiali labelingi ifi 𝑒 (0) − 𝑒 (1) ≤ 1,i wherei i 𝑒 (1)i andi 𝑒 (0) 𝑖denotei thei numberi ofi edgesi labeledi 

withi 1i andi noti labeledi withi 1i respectively.i Ai graphi withi ani eveni sumi cordiali labelingi isi calledi ani 
eveni sumi cordiali graph. 
 
i Definitioni 2.2i [7] 
i  Duplicationi iofi iai ivertexi i𝑉  ofi iai graphi Gi producesi ai newi graphi G1i byi addingi ai vertexi 

𝑉  
 i withi 𝑁(𝑉  

 ) = 𝑁(𝑉  ).Ini otheri wordsi ai vertexi 𝑉  
 isi saidi toi bei ai duplicationi ofi 𝑉  i ifi alli 

thei verticesi whichi arei adjacenti toi 𝑉  i arei nowi adjacenti toi 𝑉  
 . 

 
 
Definitioni 2.3i [6] 



DUPLICATION OF A VERTEX IN EVEN SUM CORDIAL LABELING GRAPHS 

455 
 

Ai walki isi definedi asi ai finitei alternatingi sequencei ofi verticesi andi edges,i beginningi andi endingi 
withi vertices,i suchi thati eachi edgei isi incidenti withi thei vertices,i precedingi andi followingi it.i Noi edgei 
appearsi morei thani oncei ini ai walk.i Ai vertexi mayi appeari morei thani once.i Verticesi withi whichi ai walki 
beginsi andi endsi arei calledi itsi terminali vertices. 
 
Definitioni 2.4[6] 

Ai walki isi saidi toi bei closedi ifi thei startingi vertexi andi thei endingi vertexi arei thei same.i Ai walki 
thati isi noti closedi isi calledi ani openi walk.i Ani openi walki ini whichi noi vertexi appearsi morei thani oncei 
isi knowni asi ai path.i Thei numberi ofi edgesi ini ai pathi isi calledi thei lengthi ofi ai path. 
 
Definitioni 2.5[6] 

Ai closedi walki ini whichi noi vertexi appearsi morei thani oncei isi knowni asi ai circuit.i Ai circuiti isi 
alsoi calledi ai cycle. 
 
Definitioni 2.6[6] 

Ai simplei graphi ini whichi therei existsi ani edgei betweeni everyi pairi ofi verticesi isi calledi ai 
completei graph.i Sincei everyi vertexi isi joinedi withi everyi otheri vertexi throughi ani edge,i thei degreei ofi 
everyi vertexi isi 𝑛 − 1 𝑖ini ai completei graphi Gi ofi ni vertices. 
 
Definitioni 2.7i [6] 
i  Ai bipartitei (bigraph)i Gi isi ai graphi whosei pointi set 𝑖Vi cani bei partitionedi intoi twoi subsets 𝑖V andi 
I V I suchi thati everyi linei ofi Gi joinsI V withI V .i Ifi Gi containsi everyi linei joiningi V and 𝑖V ,i theni Gi isi 
ai completei bigraph.i Ifi I V i andi V   havei mi andi ni points,i wei write 𝑖𝑖𝐺 𝑖 =  𝑖𝐾 , =  𝑖𝐾(𝑚, 𝑖𝑛).i Ai stari 

isi ai completei bigraph 𝑖 𝑖𝐾 , i .Thereforei thei bigraphi  𝑖𝐾 ,  hasi 𝑚𝑛 𝑖lines.i Ai bigraphi isi alsoi knowni asi 

ai bipartitei graph.i Thei vertexi ofi  𝑖𝐾 , i withi degreei 𝑛i isi calledi thei centrali vertexi ori apex. 

 
Definitioni 2.i 8i [1]  

Thei subdivisioni graphi S′(G)i isi obtainedi fromi Gi byi subdividingi eachi edgei ofi Gi withi ai vertex. 
 
Definitioni 2.9[1] 

Thei coronai G i ⊙ i G i ofi twoi graphsi G i andi G i isi definedi asi thei graphi obtainedi byi takingi 
onei copyi ofi G i andi |V(G )|i copiesi ofi G i andi theni joiningi thei 𝑖 i vertexi ofi i G  toi alli thei verticesi 

ini thei  𝑖𝑖 i copyi ofi G i .Thei graphi P ⊙ K i isi calledi ai combi andi thei graphi C i ⊙ K i isi calledi ai 
Crown. 
 
Definitioni 2.10[1] 
 Ai shelli graphi isi definedi asi ai cyclei  𝑖𝐶 i withi (𝑛 − 3)i chordsi sharingi ai commoni endi pointi 
calledi thei apex.i Shelli graphsi arei denotedi as 𝑖𝐶(𝑛, 𝑖𝑛 − 3).i  
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Definitioni 2.11i [1] 
  Onei edgei unioni ofi cyclesi ofi samei lengthi isi calledi ai booki graph.i Thei commoni edgei isi 
calledi basei ofi thei book.i Ifi wei consideri ti copiesi ofi cyclesi ofi length 𝑖 𝑖𝑛 𝑖 ≥  𝑖3,i theni thei booki isi 

denotedi by 𝑖𝐵
( ).If 𝑖 𝑖𝑛 𝑖 =  𝑖3, 𝑖4, 𝑖5 𝑖𝑜𝑟 𝑖6 𝑖,i theni thei booki Bi isi calledi booki graphi withi triangular,i 

rectangular,i pentagonali ori hexagonali pagesi respectively.i  
 
Definitioni i 2.12[10] 
 Thei wheeli graphi 𝑊 i isi definedi toi bei thei joint 𝑖𝑘 +  𝑖𝐶 .i Thei vertexi seti correspondingi toi 𝑘 i 
isi knowni asi apexi andi verticesi correspondingi toi cyclei arei knowni asi rimi verticesi whilei thei edgesi 
correspondingi toi cyclei arei knowni asi rimi edges. 
 
Definitioni 2.13[10] 
 Thei bistari  𝑖𝐵 , i isi ai graphi obtainedi byi joiningi thei twoi copiesi of 𝑖 𝑖𝐾 , i byi ani edgei isi calledi 

bistari graph.i  
 
Definitioni 2.14i [9] 
 Thei shadowi graphi 𝐷 (𝐺)i ofi ai connectedi graphi 𝐺i isi constructedi byi takingi 2i copiesi ofi 𝐺i sayi 
𝐺 i and 𝑖 𝑖𝐺 i.i Joini eachi vertexi 𝑢 i ini 𝐺 toi thei neighboursi ofi thei correspondingi vertexi  𝑖𝑣  𝑖in 𝑖 𝑖𝐺 i . 
 
Definitioni 2.15[9] 
 Fori ai simplei connectedi graph 𝑖𝐺,i thei squarei ofi graphi 𝐺 𝑖isi denotedi by 𝑖𝐺 i andi whichi isi definedi 
asi thei graphi withi thei samei vertexi seti asi ofi 𝐺 𝑖andi twoi verticesi arei adjacenti ini i 𝐺 i ifi theyi arei ati ai 
distancei 1i ori 2i aparti in 𝑖𝐺. 
 
Propositioni 2.16i [4] 

1. Anyi pathi 𝑃 i isi ani eveni sumi cordiali graph. 
2. Anyi cyclei 𝐶 i isi ani eveni sumi cordiali graphi excepti 𝑛 𝑖 = 6, 𝑖6 + 𝑑, 𝑖6 + 2𝑑, …i when 𝑖 𝑖𝑑 𝑖 =

 𝑖4. 
 
Propositioni 2.17[1] 

1. Thei Subdivisioni graphi  𝑖𝑆 𝐾 , i isi ani eveni sumi cordiali graph. 

2. Thei Crowni graphi i 𝐶 ⊙ 𝐾 i isi ani eveni sumi cordiali graph. 
3. Thei Combi graphi 𝑃 ⊙ 𝐾 i isi ani eveni sumi cordiali graph. 
4. Thei Triangulari booki graphi isi ani eveni sumi cordiali graph. 
5. Thei Shelli graphi 𝐶(𝑛, 𝑛 − 3)i isi ani eveni sumi cordiali graph. 
6. Thei Completei bipartitei graph 𝑖𝐾 , i ,i 𝐾 , i andi 𝐾 , i arei eveni sumi cordiali graphs. 

 
Propositioni 2.18[10] 
i i i i i i i i i i i i Thei bistari graphi 𝐵 , i isi ani eveni sumi cordiali graph. 

Ini thisi paper,i wei denotei duplicationi ofi ai vertexi ofi ai Eveni sumi cordiali graphi Gi byi D(G). 
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3.i Maini Results 
Propositioni 3.1 
Thei graphi obtainedi fromi pathi 𝑃 i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graph 
Proof: 
 Leti D(𝑃  )i bei thei graphi havingi 𝑛 + 1i verticesi andi i 𝑛 + 1i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei 
verticesi ofi 𝑃 i andi 𝑣 i bei thei duplicatingi vertexi ofi D 𝑖(𝑃  )i .i Firsti wei drawi thei path 𝑖 𝑖𝑃  i byi 
propositioni (2.16).Wei assigni thei labeli ofi 𝑣 i by 𝑖𝑛 + 1.i Nexti wei arei constructingi ai graphi Di (𝑃  )i 
byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 2i ini i 𝑃  i isi ani eveni sumi cordiali graph. 
 
Examplei 3.2 

i i i i i i i i i i i i i  
              Eveni Sumi Cordiali Labelingi ofi Pathi Graphi P4i andi itsi duplicationi graph 
 
Propositioni 3.3 
Thei graphi obtainedi fromi cyclei 𝐶 i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi when 𝑖 𝑖𝑛 > 3. 
Proof: 

Leti Di (𝐶  )i bei thei graphi havingi 𝑛 + 1i verticesi andi 𝑛 + 2i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei 
verticesi ofi 𝐶 i andi 𝑣 i bei thei duplicatingi vertexi ofi D 𝑖(𝐶  )i .i Firsti wei drawi thei cycle 𝑖 𝑖𝐶  i byi 
propositioni (2.16).Wei assigni thei labeli ofi  𝑖𝑣 iby 𝑖𝑛 + 1.i Nexti wei arei constructingi ai graphi Di (𝐶  )i 
byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 2i ini i 𝐶  i isi ani eveni sumi cordiali graph. 
Examplei 3.4i  

 
              Eveni Sumi Cordiali Labelingi ofi Cyclei graphi C i andi itsi duplicationi graph 
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Propositioni 3.5 
Thei graphi obtainedi fromi completei bipartitei graphi 𝑘 , i byi duplicatingi ai vertexi isi ani eveni sumi cordiali 

graph 
Proof: 

Leti Di (𝑘 , )i bei thei graphi havingi 𝑛 + 2i verticesi andi i 𝑛 + 1i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei 

verticesi ofi  𝑖𝑘 , i andi  𝑖𝑣 i i i bei thei duplicatingi vertexi ofi Di (𝑘 , ).i Firsti wei drawi thei completei 

bipartitei graphi 𝑘 ,  𝑖i byi propositioni (2.17).Wei assigni thei labeli ofi 𝑣 i by 𝑖𝑛 + 2.i Nexti wei arei 

constructingi ai graphi Di (𝑘 , )i byi definitioni (2.2)i duplicatei anyi vertexi withi degreei 1i ini i 𝑘 , i i isi ani 

eveni sumi cordiali graph. 
Examplei 3.6 

 

 
  

         Eveni Sumi Cordiali Labelingi ofi Completei Bipartitei Graphi 𝐾 , i andi itsi duplicationi graph 

 
Propositioni 3.7 
Thei graphi obtainedi fromi completei bipartitei graphi 𝑘 , i byi duplicatingi ai vertexi isi ani eveni sumi cordiali 

graph 
Proof: 
  Leti D(𝑘 , )i bei thei graphi havingi 𝑛 + 3i verticesi andi i 2𝑛 + 2i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i 

bei thei verticesi ofi 𝑘 , i andi 𝑣 i i bei thei duplicatingi vertexi ofi Di (𝑘 , ).i Firsti wei drawi thei completei 

bipartitei graphi 𝑘 ,  𝑖i byi propositioni (2.17).Wei assignsi thei labeli ofi 𝑣 i by 𝑖𝑛 + 3.i Nexti wei arei 

constructingi ai graphi Di (𝑘 , )i byi definitioni (2.2)i duplicatei anyi vertexi withi degreei 2i ini i 𝑘 , i i isi ani 

eveni sumi cordiali graph. 
Examplei 3.8 

 
i Eveni Sumi Cordiali Labelingi ofi Completei Bipartitei Graphi 𝑘 , i andi itsi duplicationi graph 

 
Propositioni 3.9 
Thei graphi obtainedi fromi completei bipartitei graphi 𝑘 , i byi duplicatingi ai vertexi isi ani eveni sumi cordiali 

graph 
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Proof: 
  Leti Di (𝑘 , )i bei thei graphi havingi 𝑛 + 4i verticesi andi i 3𝑛 + 3i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i 

bei thei verticesi ofi 𝑘 , i andi 𝑣 i bei thei duplicatingi vertexi ofi Di (𝑘 , ).i Firsti wei drawi thei completei 

bipartitei graphi 𝑘 ,  𝑖i byi propositioni (2.17).Wei assignsi thei labeli ofi 𝑣 i by 𝑖𝑛 + 4.i Nexti wei arei 

constructingi ai graphi Di (𝑘 , )i byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 3i ini i 𝑘 , i i isi ani 

eveni sumi cordiali graph 
 
Examplei 3.10 

 
i Eveni Sumi Cordiali Labelingi ofi Completei Bipartitei Graphi i i 𝑘 , i andi itsi duplicationi graph 

 
Propositioni 3.11 

Thei graphi obtainedi fromi subdivisioni graphi  𝑖𝑆 𝐾 , i i byi duplicatingi ai vertexi isi ani eveni sumi cordiali 

graph 
Proof: 

 Leti D( 𝑖𝑆 𝐾 , i )i bei thei graphi havingi 2𝑛 + 2i verticesi andi 2𝑛 + 2i (or)i 2𝑛 + 1 𝑖edges.i Leti 

𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi  𝑖𝑆 𝐾 , i i andi 𝑣 i  bei thei duplicatingi vertexi ofi D( 𝑖𝑆 𝐾 , i .i 

Firsti wei drawi thei subdivisioni graphi  𝑖𝑆 𝐾 , i byi propositioni (2.17).i Wei assigni thei labeli ofi 𝑣 i 

by 𝑖2𝑛 + 2.i Nexti wei arei constructingi ai graphi Di ( 𝑖𝑆 𝐾 , i )i byi definitioni (2.2)i duplicatei anyi vertexi 

withi degreei 1(or)i degreei 2i ini  𝑖𝑆 𝐾 , i i i isi ani eveni sumi cordiali graph. 

Examplei 3.12 

 
     Eveni Sumi Cordiali Labelingi ofi Subdivisioni Graphi of 𝑖(𝑲𝟏,𝟕)i andi itsi duplicationi graph 

 
Propositioni 3.13 
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Thei graphi obtainedi fromi bistari graphi 𝐵 , i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi wheni 

ni isi ani oddi integer. 
Proof: 
  Leti Di (𝐵 , )i bei thei graphi havingi 2𝑛 + 3i verticesi andi i 2𝑛 + 2i edges.i Leti 

𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi 𝐵 , i andi 𝑣 i bei thei duplicatingi vertexi ofi Di (𝐵 , ).i Firsti wei 

drawi thei bistari graphi 𝐵 , i byi propositioni (2.18).Wei assignsi thei labeli ofi 𝑣 i by 𝑖2𝑛 + 3.i Nexti wei 

arei constructingi ai graphi Di (𝐵 , )i i byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 1i ini i 𝐵 , i i 

isi ani eveni sumi cordiali graph. 
Examplei 3.14 

i i i i i i i i i i i i i i i i i i i i i i i i  
i i i i i i i i Eveni Sumi Cordiali Labelingi ofi Bistari Graph 𝑖𝑩𝟑,𝟑i andi itsi duplicationi graph 

 
Propositioni 3.15 

Thei shadowi graphi 𝐷 𝐵 , isi ani eveni sumi cordiali graph. 

Proof: 

 Leti Gi bei thei shadowi graph 𝑖 𝑖𝐷 𝐵 , i havingi 4(𝑛 + 1)i verticesi andi 4(2𝑛 + 1)i edges.i i 

Consideri twoi copiesi of 𝑖 𝑖 𝑖𝐵 , i wei takei onei isi  𝑖𝐵 , i andi anotheri onei is 𝑖 𝑖𝐵 , . 

 Let 𝑖𝑥, 𝑦, 𝑥 , 𝑥 , 𝑥 , … , 𝑥 , 𝑦 , 𝑦 , 𝑦 , … , 𝑦 ,𝑥 , 𝑦 , 𝑥 , 𝑥 , 𝑥 , … , 𝑥 , 𝑦 , 𝑦 , 𝑦 , … , 𝑦 i bei verticesi ofi G.i 
Consideri  𝑖{𝑥, 𝑦, 𝑥 , 𝑦  𝑖, 1 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛} 𝑖and{𝑥′ 𝑖, 𝑦′, 𝑥 ′, 𝑦 ′ 𝑖, 1 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛}arei vertexi setsi ofi i 𝐵 , i i andi 

 𝑖 𝑖𝐵 , i respectively. 

Nowi wei assigni thei labelingi ofi verticesi asi follows.  
Definei 𝑓: 𝑖𝑉(𝐺) → {1,2,3, … 4(𝑛 + 1)} 
Leti 𝑝 i bei thei highesti oddi numberi andi  𝑖𝑝 bei thei highesti eveni number. 

𝑓(𝑥) 𝑖 𝑖 =  𝑖2;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖𝑓(𝑥 ) 𝑖 =  𝑖1; 

𝑓(𝑦) 𝑖 𝑖 =  𝑖𝑝 ;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖𝑓(𝑦 ) 𝑖 =  𝑖𝑝 ; 

𝑓(𝑥 ) 𝑖 =  𝑖2(𝑖 + 1) 𝑖;  𝑖 𝑖 𝑖1 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 
𝑓(𝑥 ) =  𝑖2𝑖 + 2 𝑖;  𝑖 𝑖 𝑖 𝑖𝑛 + 1 𝑖 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛 + 2 

𝑓(𝑦 ) 𝑖 =  𝑖2𝑖 + 1 𝑖;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖1 ≤  𝑖𝑖 𝑖 <  𝑖𝑛 + 1 
𝑓(𝑦 ) =  𝑖2𝑖 + 1 𝑖;  𝑖 𝑖 𝑖𝑛 + 1 𝑖 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛 + 2 

Firsti wei constructi thei graphi 𝐵 , i andi  𝑖 𝑖𝐵 , i byi Definitioni 2.13.i Theni wei drawi thei shadowi 

graph 𝑖 𝑖𝐷 (𝐵 , )i byi Definitioni 2.14i joini eachi vertexi ini i 𝐵 , i toi thei neighboursi ofi thei correspondingi 

vertexi in 𝑖 𝑖𝐵 , i .Thusi wei obtainedi thei graphi G. 

Ini viewi ofi thei abovei definedi labelingi pattern,i Wei have 𝑖 𝑖 𝑖 𝑖𝑒 (0) = 𝑒 (1) = 4𝑛 + 2. 
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∴ 𝑒 (0) − 𝑒 (1) ≤ 1i .Hencei Gi isi ani eveni sumi cordiali graph. 

Examplei 3.16 

 
i   i Eveni Sumi Cordiali Labelingi ofi Shadowi Graphi 𝐷 (𝐵 , ) 

 
Propositioni 3.17 

Thei graphi obtainedi fromi shadowi graphi 𝐷 𝐵 ,  𝑖byi duplicatingi ai vertexi isi ani eveni sumi cordiali graph. 

Proof: 

  Leti Di (𝐷 𝐵 , )i bei thei graphi havingi 4𝑛 + 5i verticesi andi i 8𝑛 + 6i edges.i Leti 

𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi thei graphi i 𝐷 𝐵 , i andi 𝑣 i i bei thei duplicatingi vertexi ofi Di 

(𝐷 𝐵 , ).i  

Firsti wei drawi thei shadowi graphi 𝐷 𝐵 , byi propositioni (3.15).Wei assignsi thei labeli ofi 𝑣 i by 𝑖4𝑛 +

5.i Nexti wei arei constructingi ai graphi Di (𝐷 𝐵 , )byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 

2i ini 𝐷 𝐵 , i isi ani eveni sumi cordiali graph. 

Examplei 3.18 

i i i i i i i i  
 Eveni Sumi Cordiali Labelingi ofi Shadowi Graphi 𝑫𝟐(𝑩𝟐,𝟐)i andi itsi duplicationi graph 

 
Propositioni 3.19 

Thei squarei graph 𝑖 𝑖𝐵 ,  𝑖isi ani eveni sumi cordiali graph. 

Proof: 

Leti Gi bei thei squarei graph 𝑖 𝑖𝐵 ,  𝑖i havingi 2𝑛 + 2i verticesi andi 4𝑛 + 1i edges. 

Leti 𝑥, 𝑦, 𝑥 , 𝑥 , 𝑥 , … 𝑥 , 𝑖𝑦 , 𝑦 , 𝑦 , … 𝑦 i bei thei verticesi ofi G. 
Nowi assigni thei labelingi ofi verticesi asi follows. 
𝑓: 𝑖𝑉(𝐺) 𝑖 → {1,2,3, … 2𝑛 + 2} 𝑖 

𝑓(𝑥) =  𝑖1 𝑖;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖                   𝑖 𝑖 𝑖𝑓(𝑦) 𝑖 =  𝑖2i ; 
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𝑓(𝑥 ) =  𝑖2𝑖 + 1 𝑖;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖1 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛 
𝑓(𝑦 ) =  𝑖2(𝑖 + 1) 𝑖;  𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖 𝑖1 ≤  𝑖𝑖 𝑖 ≤  𝑖𝑛 

Firsti wei drawi thei bistari graphi 𝐵 , i byi Definitioni 2.13.Theni wei drawi thei squarei graphi 𝐵 , i byi 

Definitioni 2.15i joini anyi twoi verticesi byi ani edgei ifi andi onlyi ifi therei isi ai pathi ofi lengthi ati mosti 2i 
betweeni them.i  
Wei constructi thei edgesi asi follows. 
𝐸(𝐺) = {𝑥𝑦, 𝑥𝑥 , 𝑦𝑦 , 𝑥𝑦 , 𝑦𝑥 , 1 ≤ 𝑖 ≤ 𝑛} 

Ini thei viewi ofi abovei labelingi pattern,i wei have 𝑖 𝑖 𝑖𝑒 (0) = 2𝑛 + 1 𝑖;  𝑖𝑒 (1) = 2𝑛. 

∴ 𝑒 (0) − 𝑒 (1) ≤ 1i .i Hencei 𝐵 , i i isi ani eveni sumi cordiali graph. 

 
Examplei i 3.20 

 
i Eveni Sumi Cordiali Labelingi ofi Squarei Graphi i 𝐵 ,  

 
Propositioni 3.21 

Thei graphi obtainedi fromi squarei graph 𝑖𝐵 ,  𝑖byi duplicatingi ai vertexi isi ani eveni sumi cordiali graph. 

Proof: 

  Leti Di ( 𝑖𝐵 , )i bei thei graphi havingi 2𝑛 + 3i verticesi andi i 4𝑛 + 3i edges.i Leti 

𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi  𝑖𝐵 , i andi 𝑣 i i bei thei duplicatingi vertexi ofi Di ( 𝑖𝐵 , ).i Firsti wei 

drawi thei squarei graph 𝑖𝐵 ,  𝑖byi propositioni (3.19).Wei assignsi thei labeli ofi 𝑣 i by 𝑖2𝑛 + 3.i Nexti wei 

arei constructingi ai graphi Di ( 𝑖𝐵 , )i byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 2i in 𝑖𝐵 , i 

i isi i ani eveni sumi cordiali graph. 
Examplei 3.22 
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i i i i i i i i  i i Eveni Sumi Cordiali Labelingi ofi Squarei Graphi i 𝐵 , i andi itsi duplicationi graph 

 
Propositioni 3.23 
Thei graphi obtainedi fromi ai triangulari booki graphi byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi 
wheni ni isi ani eveni integer. 
 
Proof: 
  Leti Di (B)i bei thei graphi havingi 𝑛 + 1i verticesi andi i 2𝑛 − 1i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei 
thei verticesi ofi booki graphi Bi andi 𝑣 i i bei thei duplicatingi vertexi ofi Di (B).i Firsti wei drawi thei 
triangulari booki graphi withi ni vertices 𝑖byi propositioni (2.17).Wei assignsi thei labeli ofi 𝑣 i by 𝑖𝑛 + 1.i 
Nexti wei arei constructingi ai graphi Di (B)i byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 2i ini 
triangulari booki graphi isi ani eveni sumi cordiali graphi  
Examplei 3.24 

 
 Eveni Sumi Cordiali Labelingi ofi Triangulari Booki Graphi withi 10i verticesi andi itsi duplicationi graph 
 
Propositioni 3.25 
Thei wheeli graph 𝑖𝑊  isi ani eveni sumi cordiali graph,i ifi ni isi ani oddi integer. 
Proof: 
Leti Gi bei thei wheeli graph 𝑖𝑊 .i  
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Leti 𝑣 i bei thei apexi vertexi ofi wheeli 𝑊 i andi 𝑣 , 𝑣  , 𝑣  𝑖 …  𝑖𝑣  bei thei rimi vertices.i  
Definei i 𝑓: 𝑉(𝐺) → {1,2,3 …  𝑖𝑛}i . 
Wei consideri thei followingi twoi casesi fori labelingi pattern. 
Casei 1: 
Ifi 𝑛 ≡  𝑖1 𝑖(𝑚𝑜𝑑 𝑖4), 𝑖 𝑖wei assigni thei labeli valuesi ini thei followingi ways 
Definei for 𝑖 𝑖𝑖 𝑖 =  𝑖1,5,9 … 𝑛 − 4. 

𝑓(𝑣 ) =  𝑖𝑖 𝑖; 
𝑓(𝑣 ) =  𝑖𝑖 + 2 𝑖;  𝑖 𝑖 𝑖 
𝑓(𝑣 ) =  𝑖𝑖 + 1; 
𝑓(𝑣 ) =  𝑖𝑖 + 3i and 
𝑓(𝑣 ) = 𝑛 𝑖; 

Casei 2: 
Ifi i 𝑛 ≡  𝑖3 𝑖(𝑚𝑜𝑑 𝑖4),Wei assigni thei labeli valuesi ini thei followingi ways 
Definei fori  𝑖𝑖 𝑖 =  𝑖1,5,9 … 𝑛 − 6. 

𝑓(𝑣 ) =  𝑖𝑖; 
𝑓(𝑣 ) =  𝑖𝑖 + 2 𝑖;  𝑖 𝑖 𝑖 𝑖 
𝑓(𝑣 ) =  𝑖𝑖 + 1; 
𝑓(𝑣 ) =  𝑖𝑖 + 3 𝑖and 
{ 𝑖𝑓(𝑣 ) 𝑖 =  𝑖𝑛, 𝑖𝑓(𝑣 ) 𝑖 =  𝑖𝑛 − 2, 𝑓(𝑣 ) 𝑖 = 𝑛 − 1} 𝑖; 

Firsti wei drawi ai circlei byi usingi thei abovei labelingi patterni theni joini thei apexi vertexi 𝑣 i toi alli rimi 
verticesi byi ani edge.i Thus,i wei geti i i i 𝑒 (0) = 𝑛 − 1 =  𝑖𝑒 (1). 

∴ 𝑒 (0) − 𝑒 (1) ≤ 1i .i Hencei Gi isi ani eveni sumi cordiali graph. 

Examplei 3.26 

 
 Eveni Sumi Cordiali Labelingi ofi Wheeli Graphi 𝑊  

 
Propositioni 3.27 
Thei graphi obtainedi fromi wheeli graph 𝑖𝑊  i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi wheni 
ni isi ani oddi integer. 
Proof: 
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  Leti D(𝑊  )i bei thei graphi havingi 𝑛 + 1i verticesi andi i 2𝑛 + 1i edges.i Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i 
bei thei verticesi of 𝑖𝑊  andi 𝑣 i i bei thei duplicatingi vertexi ofi D( 𝑖𝑊  ).i Firsti wei drawi thei graphi 
 𝑖𝑊  withi ni vertices 𝑖byi propositioni (3.25).Wei assigni thei labeli ofi 𝑣 i by 𝑖𝑛 + 1.i Nexti wei arei 
constructingi ai graphi Di (𝑊  )i byi definitioni (2.2)i duplicatingi anyi vertexi withi degreei 3i ini i 𝑊  i i isi 
ani eveni sumi cordiali graph. 
Examplei 3.28 

 
Eveni Sumi Cordiali Labelingi ofi Wheeli Graphi 𝑊 i andi itsi duplicationi graph 

 
Propositioni 3.29 
Thei graphi obtainedi fromi crowni graphi 𝐶 ⊙ 𝐾 i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi 
wheni ni isi ani oddi integer. 
 
Proof: 
  Leti D(𝐶 ⊙ 𝐾 )i bei thei graphi havingi 2𝑛 + 1i verticesi andi i 2𝑛 + 3i edges.i Leti 
𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi thei graph 𝑖 𝑖 𝑖𝐶 ⊙ 𝐾 andi 𝑣 bei thei duplicatingi vertexi ofi Di (𝐶 ⊙

𝐾 ).i Firsti wei drawi thei graphi 𝐶 ⊙ 𝐾 withi 2ni vertices 𝑖byi propositioni (2.17).Wei assigni thei labeli ofi 
𝑣 i by 𝑖2𝑛 + 1.i Nexti wei arei constructingi ai graphi D(𝐶 ⊙ 𝐾 )i byi definitioni (2.2)i duplicatingi anyi 
vertexi withi degreei 3i ini 𝐶 ⊙ 𝐾 i i isi ani eveni sumi cordiali graph. 
Examplei 3.30 
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i Eveni Sumi Cordiali Labelingi ofi Crowni Graph 𝑖 𝑖𝑪𝟓 𝑖 ⊙ 𝑲𝟏i andi itsi duplicationi graph 

 
Propositioni 3.31 
Thei graphi obtainedi fromi combi graphi i 𝑃 ⊙ 𝐾   i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graph. 
Proof: 
  i i i i i i Leti D(i 𝑃 ⊙ 𝐾   )i bei thei graphi havingi 2𝑛 + 1i verticesi andi i 2𝑛 + 2i edges. 
Leti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei verticesi ofi thei graphi 𝑃 ⊙ 𝐾   andi 𝑣 i bei thei duplicatingi vertexi ofi D(i 
𝑃 ⊙ 𝐾   ).i Firsti wei drawi thei graphi  𝑖𝑃 ⊙ 𝐾   withi 2ni vertices 𝑖byi propositioni (2.17).i Wei assigni thei 
labeli ofi 𝑣 i by 𝑖2𝑛 + 1.Nexti wei arei constructingi ai graphi D(i 𝑃 ⊙ 𝐾   )i byi definitioni (2.2)i 
duplicatingi anyi vertexi withi degreei 3i ini 𝑃 ⊙ 𝐾   i i isi ani eveni sumi cordiali graph. 
Examplei 3.32 

 
i Eveni Sumi Cordiali Labelingi ofi Combi Graphi i 𝑷𝟒 ⊙ 𝑲𝟏  i andi itsi duplicationi graph 

 
Propositioni 3.33 
Thei graphi obtainedi fromi Shelli graphi 𝐶(𝑛, 𝑛 − 3)i byi duplicatingi ai vertexi isi ani eveni sumi cordiali graphi 
wheni ni isi ani eveni integer. 
Proof: 
Leti D(𝐶(𝑛, 𝑛 − 3))i bei thei graphi havingi 𝑛 + 1i verticesi andi i 2𝑛 − 1i edges.iLeti 𝑣 , 𝑣 , 𝑣 … 𝑣 i bei thei 
verticesi of 𝑖𝐶(𝑛, 𝑛 − 3)andi 𝑣 i bei thei duplicatingi vertexi ofi i D(𝐶(𝑛, 𝑛 − 3)).i  
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  Firsti wei drawi thei graphi 𝐶(𝑛, 𝑛 − 3)withi ni vertices 𝑖byi propositioni (2.17).i Wei assigni thei 
labeli ofi 𝑣 i by 𝑖𝑛 + 1.i Nexti wei arei constructingi ai graphi D(Ci (𝑛, 𝑛 − 3))i byi definitioni (2.2)i 
duplicatingi anyi vertexi withi degreei 2i ini 𝐶(𝑛, 𝑛 − 3)i i isi ani eveni sumi cordiali graph. 
Examplei 3.34 

 
Eveni Sumi Cordiali Labelingi ofi Shelli Graphi 𝑪(8,5)i andi itsi duplicationi graph 

4.i Conclusion 
Ini thisi paper,i wei provedi thati duplicationi ofi ai vertexi ofi pathi graph,i cyclei graph,i completei bipartitei 

graph,i subi divisioni graph,bistari graph,i shadowi graph,i squarei graph,i Triangulari booki graph,i wheeli 
graph,i crowni graph,i combi graph,i andi shelli graphi arei eveni sumi cordial. 
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